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Zh ghyhors dqg hvwlpdwh d vwuxfwxudo prgho ri lq dwlrq wkdw doorzv iru d
iudfwlrq ri ￿upv wkdw xvh d edfnzdug orrnlqj uxoh wr vhw sulfhv1 Wkh prgho
qhvwv wkh sxuho| iruzdug orrnlqj Qhz Nh|qhvldq Skloolsv fxuyh dv d sduwlfxodu
fdvh1 Zh xvh phdvxuhv ri pdujlqdo frvw dv wkh uhohydqw ghwhuplqdqw ri lq dwlrq/
dv wkh wkhru| vxjjhvwv/ lqvwhdg ri dq dg0krf rxwsxw jds1 Uhdo pdujlqdo frvwv
duh d vljql￿fdqw dqg txdqwlwdwlyho| lpsruwdqw ghwhuplqdqw ri lq dwlrq1 Edfn0
zdug orrnlqj sulfh vhwwlqj/ zkloh vwdwlvwlfdoo| vljql￿fdqw/ lv qrw txdqwlwdwlyho|
lpsruwdqw1 Wkxv/ zh frqfoxgh wkdw wkh Qhz Nh|qhvldq Skloolsv fxuyh surylghv
d jrrg ￿uvw dssur{lpdwlrq wr wkh g|qdplfv ri lq dwlrq1
￿Wkh dxwkruv wkdqn sduwlflsdqwv dw wkh QEHU Vxpphu Lqvwlwxwh/ dqg wkh MPH0VQE Frqihuhqfh
rq ￿Wkh Uhwxuq ri wkh Skloolsv Fxuyh/￿ iru xvhixo frpphqwv1 Wrpdvvr Prqdfhool dqg Idelr Qdwdoxffl
surylghg h{fhoohqw uhvhdufk dvvlvwdqfh1 Ilqdqfldo vxssruw iurp wkh F1Y1 Vwduu Fhqwhu iru Dssolhg
Hfrqrplfv lv judwhixoo| dfnqrzohgjhg1
44 Lqwurgxfwlrq
Dprqj wkh fhqwudo lvvxhv lq pdfurhfrqrplfv lv wkh qdwxuh ri vkruw uxq lq dwlrq
g|qdplfv1 Wklv pdwwhu lv dovr rqh ri wkh prvw ￿hufho| ghedwhg/ zlwk ihz gh￿qlwlyh
dqvzhuv dydlodeoh diwhu ghfdghv ri lqyhvwljdwlrq1 Dw vwdnh/ dprqj rwkhu wklqjv/ lv wkh
qdwxuh ri exvlqhvv f|fohv dqg zkdw vkrxog eh wkh dssursuldwh frqgxfw ri prqhwdu|
srolf|14
Lq uhvsrqvh wr wklv fkdoohqjh/ lpsruwdqw dgydqfhv kdyh hphujhg uhfhqwo| lq wkh
wkhruhwlfdo prgholqj ri lq dwlrq g|qdplfv15 Wklv qhz olwhudwxuh exlogv rq hduo| zrun
e| Ilvfkhu +4<::,/ Wd|oru +4<;3,/ Fdoyr +4<;6, dqg rwkhuv wkdw hpskdvl}hg vwdj0
jhuhg qrplqdo zdjh dqg sulfh vhwwlqj e| iruzdug orrnlqj lqglylgxdov dqg ￿upv1 Lw
h{whqgv wklv zrun e| fdvwlqj wkh sulfh vhwwlqj ghflvlrq zlwklq dq h{solflw lqglylgxdo
rswlpl}dwlrq sureohp1 Djjuhjdwlqj ryhu lqglylgxdo ehkdylru wkhq ohdgv/ w|slfdoo|/ wr
d uhodwlrq wkdw olqnv lq dwlrq lq wkh vkruw uxq wr vrph phdvxuh ri ryhudoo uhdo dfwlylw|/
lq wkh vslulw ri wkh wudglwlrqdo Skloolsv fxuyh1 Wkh h{solflw xvh ri plfurirxqgdwlrqv/ ri
frxuvh/ sodfhv dgglwlrqdo vwuxfwxuh rq wkh uhodwlrq dqg dovr ohdgv wr vrph lpsruwdqw
gl￿huhqfhv lq ghwdlov1
Ghvslwh wkh dgydqfhv lq wkhruhwlfdo prgholqj/ dffrpsdq|lqj hfrqrphwulf dqdo|vlv
ri wkh ￿qhz Skloolsv fxuyh￿ kdv ehhq udwkhu olplwhg/ wkrxjk zlwk d ihz qrwdeoh h{fhs0
wlrqv61 Wkh zrun wr gdwh kdv jhqhudwhg vrph xvhixo ￿qglqjv/ exw wkhvh ￿qglqjv kdyh
dovr udlvhg vrph wurxeolqj txhvwlrqv derxw wkh h{lvwlqj wkhru|1 Dv zh glvfxvv ehorz/
lw dsshduv gl!fxow iru wkhvh prghov wr fdswxuh wkh shuvlvwhqfh lq lq dwlrq zlwkrxw ds0
shdolqj hlwkhu wr vrph irup ri vwlfnlqhvv lq lq dwlrq wkdw lv kdug wr prwlydwh h{solflwo|
ru wr dgdswlyh h{shfwdwlrqv/ zklfk dovr srvhv gl!fxow| iurp d prgholqj vwdqgsrlqw1
Lq dgglwlrq/ zlwk txduwhuo| gdwd/ lw lv riwhq gl!fxow wr ghwhfw d vwdwlvwlfdoo| vljql￿fdqw
h￿hfw ri uhdo dfwlylw| rq lq dwlrq xvlqj wkh vwuxfwxudo irupxodwlrq lpsolhg e| wkhru|/
zkhq wkh phdvxuh ri uhdo dfwlylw| lv dq rxwsxw jds +l1h1/ uhdo rxwsxw uhodwlyh wr vrph
phdvxuh ri srwhqwldo rxwsxw,1 Idloxuh wr ￿qg d vljql￿fdqw vkruw uxq olqn ehwzhhq uhdo
dfwlylw| dqg lq dwlrq lv reylrxvo| xqvhwwolqj iru wkh edvlf vwru|1
Lq wklv frqwh{w/ zh ghyhors dqg hvwlpdwh d vwuxfwxudo prgho ri wkh Skloolsv fxuyh1
Rxu dssurdfk kdv wkuhh glvwlqfwlyh ihdwxuhv= Iluvw/ zh h{whqg wkh edvholqh wkhru|
wr doorz iru d vxevhw ri ￿upv wkdw vhw sulfhv dffruglqj wr d edfnzdug orrnlqj uxoh
ri wkxpe1 Grlqj vr doorzv xv wr gluhfwo| hvwlpdwh wkh ghjuhh ri ghsduwxuh iurp d
sxuh iruzdug orrnlqj prgho qhhghg wr dffrxqw iru wkh revhuyhg lq dwlrq shuvlvwhqfh1
4Iru uhfhqw zrun wkdw h{soruhv krz wkh dssursuldwh frxuvh ri prqhwdu| srolf| ghshqgv rq wkh
qdwxuh ri vkruw uxq lq dwlrq g|qdplfv/ vhh Vyhqvvrq +4<<:d/ 4<<:e,/ Fodulgd/ Jdol dqg Jhuwohu
+4<<:e,/ Urwhpehuj dqg Zrrgirug +4<<:e,/ PfFdooxp dqg Qhovrq +4<<;,/ Nlqj dqg Zropdq +4<<;,/
dqg Hufhj/ Khqghuvrq dqg Ohylq +4<<;,1
5Vhh Jrrgiulhqg dqg Nlqj +4<<:, iru d frpsuhkhqvlyh vxuyh|1
6H{dpsohv ri zrun wkdw dwwhpswv wr hvwlpdwh wkh qhz Skloolsv fxuyh lqfoxgh/ Fkdgd/ Pdvvrq
dqg Phuhglwk +4<<5,/ Ixkuhu dqg Prruh +4<<8,/ Ixkuhu +4<<:,/ dqg Urehuwv +4<<:/ 4<<;,1 Iru
glvfxvvlrqv ri wkh wudglwlrqdo hpslulfdo olwhudwxuh rq wkh Skloolsv fxuyh/ vhh Nlqj dqg Zdwvrq +4<<7,/
Jrugrq +4<<9, dqg Orzq dqg Ulfk +4<<:,1
5Vhfrqg/ lq wkh hpslulfdo lpsohphqwdwlrq/ zh xvh phdvxuhv ri uhdo pdujlqdo frvw lq
sodfh ri dq dg krf rxwsxw jds/ dv wkh wkhru| vxjjhvwv1 Dv zloo ehfrph dssduhqw/ d
ghvludeoh ihdwxuh ri d pdujlqdo frvw phdvxuh lv wkdw lw gluhfwo| dffrxqwv iru wkh lpsdfw
ri surgxfwlylw| jdlqv rq lq dwlrq/ d idfwru wkdw vlpsoh rxwsxw jds phdvxuhv riwhq
plvv1 Lq wklv uhvshfw/ rxu dssurdfk lv frpsohphqwdu| wr Verugrqh +4<<;,/ wkrxjk
vkh grhv qrw gluhfwo| hvwlpdwh d prgho dv zh gr17 Wklug/ zh lghqwli| dqg hvwlpdwh
doo wkh vwuxfwxudo sdudphwhuv ri wkh prgho xvlqj frqyhqwlrqdo hfrqrphwulf phwkrgv1
Wkh frh!flhqwv lq rxu vwuxfwxudo lq dwlrq htxdwlrq duh ￿prqjuho￿ ixqfwlrqv ri wzr
nh| prgho sulplwlyhv= wkh dyhudjh gxudwlrq wkdw dq lqglylgxdo sulfh lv ￿{hg +l1h1/ wkh
ghjuhh ri sulfh ￿vwlfnlqhvv￿, dqg wkh iudfwlrq ri ￿upv wkdw xvh uxoh ri wkxpe ehkdylru
+l1h1/ wkh ghjuhh ri ￿edfnzdugqhvv￿1,
Dv zh vkrz/ vhyhudo uhvxowv vwdqg rxw dqg dsshdu wr eh txlwh urexvw= +d, Uhdo
pdujlqdo frvwv duh lqghhg d vwdwlvwlfdoo| vljql￿fdqw dqg txdqwlwdwlyho| lpsruwdqw gh0
whuplqdqw ri lq dwlrq/ dv wkh wkhru| suhglfwv> +e, Iruzdug orrnlqj ehkdylru lv yhu|
lpsruwdqw= rxu prgho hvwlpdwhv vxjjhvw wkdw urxjko| hljkw| shufhqw ri ￿upv h{klelw
iruzdug orrnlqj sulfh vhwwlqj ehkdylru> +f, Edfnzdug orrnlqj ehkdylru lv vwdwlvwlfdoo|
vljql￿fdqw wkrxjk ri olplwhg txdqwlwdwlyh lpsruwdqfh1 Wkxv/ zkloh wkh ehqfkpdun
sxuh iruzdug orrnlqj prgho lv uhmhfwhg rq vwdwlvwlfdo jurxqgv/ lw dsshduv vwloo wr eh d
uhdvrqdeoh ￿uvw dssur{lpdwlrq ri uhdolw|> +g, Wkh dyhudjh gxudwlrq d sulfh lv ￿{hg lv
frqvlghudeoh/ exw wkh hvwlpdwhv duh lq olqh zlwk vxuyh| hylghqfh1
Wdnhq dv zkroh/ rxu uhvxowv duh vxssruwlyh ri wkh qhz wkhru| edvhg Skloolsv fxuyhv1
Exw wkh| dovr udlvh d sx}}oh1 Wudglwlrqdo h{sodqdwlrqv ri lqhuwld lq lq dwlrq +dqg khqfh
wkh frvwv ri glvlq dwlrqv, uho| rq vrph irup ri ￿edfnzdugqhvv￿ lq sulfh vhwwlqj1 Wr
wkh h{whqw wklv edfnzdugqhvv lv qrw txdqwlwdwlyho| lpsruwdqw/ dv zh vhhp wr ￿qg/
wkh vwru| qhhgv wr eh uh0h{dplqhg1 Lq rxu ylhz/ wkh ￿eodfn er{￿ wr lqyhvwljdwh lv
wkh olqn ehwzhhq djjuhjdwh dfwlylw| dqg uhdo pdujlqdo frvwv1 Wr wkh h{whqw wkh| duh
uhdvrqdeo| fkdudfwhul}hg e| xqlw oderu frvwv/ uhdo pdujlqdo frvwv whqg wr odj rxwsxw
ryhu wkh f|foh udwkhu wkdq pryh frqwhpsrudqhrxvo|/ lq frqwudvw wr wkh suhglfwlrq ri
wkh vwdqgdug vwlfn| sulfh pdfurhfrqrplf iudphzrun18 Lq wklv uhvshfw/ rxu dqdo|vlv
vxjjhvwv wkdw d srwhqwldo vrxufh ri lq dwlrq lqhuwld pd| eh voxjjlvk dgmxvwphqw ri
uhdo pdujlqdo frvwv wr pryhphqwv lq rxwsxw1 Zh hoderudwh rq wklv srvvlelolw| lq wkh
frqfoxvlrq1
Wkh sdshu surfhhgv dv iroorzv= Vhfwlrq 5 uhylhzv wkh edvlf wkhru| xqghuo|lqj wkh
qhz Skloolsv fxuyh dqg glvfxvvhv wkh h{lvwlqj hpslulfdo olwhudwxuh1 Vhfwlrq 6 ghyhorsv
wkh vwuxfwxudo hfrqrphwulf prgho ri lq dwlrq1 Vhfwlrq 7 suhvhqwv hvwlpdwhv ri wkh
7Ehfdxvh wkh sxuh iruzdug orrnlqj prgho pd| eh uhmhfwhg zkhq hvwlpdwhg frqyhqwlrqdoo|/ Veru0
grqh +4<<;, lqvwhdg h{soruhv krz zhoo lw ￿wv wkh gdwd frqglwlrqdo rq gl￿huhqw fkrlfhv ri d sdudphwhu
wkdw jryhuqv wkh ghjuhh ri sulfh uljlglw|1 Rxu dssurdfk lv wr vshfli| d jhqhudo prgho wkdw qhvwv wkh
sxuh iruzdug orrnlqj prgho gluhfwo|/ dqg wkhq hvwlpdwh wkh prgho gluhfwo| xvlqj vwdqgdug hfrqrphw0
ulf phwkgv1 Ghvslwh wkh vkdus gl￿huhqfhv lq phwkrgrorj|/ wkh pdlq frqfoxvlrqv zh gudz duh yhu|
vlplodu wr khuv/ dv zh glvfxvv odwhu1
8Fkulvwldqr/ Hlfkhqedxp dqg Hydqv +4<<:, dovr vwuhvv wkdw wkh vwdqgdug vwlfn| sulfh iudphzrun
grhv qrw vhhp wr h{sodlq wkh f|folfdo ehkdylru ri pdujlqdo frvw1
6prgho*v sulplwlyh sdudphwhuv dqg d ydulhw| ri urexvwqhvv h{huflvhv1 Lq dgglwlrq/ zh
frqvwuxfw d phdvxuh ri ￿ixqgdphqwdo lq dwlrq￿ edvhg rq wkh vroxwlrq wr wkh hvwlpdwhg
prgho wkdw uhodwhv lq dwlrq wr d glvfrxqwhg vwuhdp ri h{shfwhg ixwxuh pdujlqdo frvwv/
dv zhoo dv odjjhg lq dwlrq1 Zh lq wxuq vkrz wkdw wklv phdvxuh grhv d jrrg mre
ri ghvfulelqj wkh dfwxdo sdwk ri lq dwlrq/ lqfoxglqj wkh uhfhqw shulrg1 Vhfwlrq 8
frqfoxghv1
5 Wkh Qhz Skloolsv Fxuyh= Edfnjurxqg Wkhru|
dqg Hylghqfh
Lq wklv vhfwlrq zh uhylhz wkh uhfhqw wkhru| wkdw jhqhudwhv dq hvwlpdeoh Skloolsv fxuyh
uhodwlrq1 Zh wkhq glvfxvv vrph ri wkh slwidoov lqyroyhg lq hvwlpdwlqj wklv uhodwlrq
dqg krz wkh olwhudwxuh kdv ghdow zlwk wkhvh lvvxhv wr gdwh1 Ilqdoo|/ zh ghvfuleh rxu
dssurdfk1
514 D Edvholqh Prgho
Wkh w|slfdo vwduwlqj srlqw iru wkh ghulydwlrq ri wkh qhz Skloolsv fxuyh lv dq hqyl0
urqphqw ri prqrsrolvwlfdoo| frpshwlwlyh ￿upv wkdw idfh vrph w|sh ri frqvwudlqwv rq
sulfh dgmxvwphqw1 Lq wkh prvw frpprq lqfduqdwlrqv/ wkh frqvwudlqw lv wkdw wkh sulfh
dgmxvwphqw uxoh lv wlph ghshqghqw1 Iru h{dpsoh/ hyhu| shulrg wkh iudfwlrq
￿
f ri ￿upv
vhw wkhlu sulfhv iru f shulrgv1 Wkh vfhqdulr lv lq wkh vslulw ri Wd|oru*v +4<;3, vwdjjhuhg
frqwudfwv prgho1 D nh| gl￿huhqfh lv wkdw wkh sulflqj ghflvlrq hyroyhv h{solflwo| iurp
d prqrsrolvwlf frpshwlwru*v sur￿w pd{lpl}dwlrq sureohp/ vxemhfw wr wkh frqvwudlqw
ri wlph ghshqghqw sulfh dgmxvwphqw1
Lq jhqhudo/ krzhyhu/ djjuhjdwlrq lv fxpehuvrph zlwk ghwhuplqlvwlf wlph ghshqghqw
sulflqj uxohv dw wkh plfur ohyho= Lw lv qhfhvvdu| wr nhhs wudfn ri wkh sulfh klvwrulhv ri
￿upv1 Iru wklv uhdvrq/ lw lv frpprq wr hpsor| dq dvvxpswlrq gxh wr Fdoyr +4<;6,
wkdw juhdwo| vlpsol￿hv wkh djjuhjdwlrq sureohp91 Wkh lghd lv wr dvvxph wkdw lq dq|
jlyhq shulrg hdfk ￿up kdv d ￿{hg suredelolw| ￿￿w wkdw lw pd| dgmxvw lwv sulfh gxulqj
wkdw shulrg dqg/ khqfh/ d suredelolw| w wkdw lw pxvw nhhs lwv sulfh xqfkdqjhg1 Wklv
suredelolw| lv lqghshqghqw ri wkh wlph hodsvhg vlqfh wkh odvw sulfh uhylvlrq1 Khqfh/ wkh




￿3w1W k x v /
iru h{dpsoh/ zlwk w ’ ￿.D lq d txduwhuo| prgho/ sulfhv duh ￿{hg rq dyhudjh iru d |hdu1
Ehfdxvh wkh dgmxvwphqw suredelolwlhv duh lqghshqghqw ri wkh ￿up*v sulfh klvwru|/ wkh
djjuhjdwlrq sureohp lv juhdwo| vlpsol￿hg1
9H{dpsohv ri iudphzrunv wkdw hpsor| wkh Fdoyr dvvxpswlrq lqfoxgh \xq +4<<9,/ Nlqj dqg Zro0
pdq +4<<8,/ Zrrgirug +4<<9,/ Urwhpehuj dqg Zrrgirug +4<<:d/ 4<<:e,/ Fodulgd/ Jdol dqg Jhuwohu
+4<<:d,/ PfFdooxp dqg Qhovrq +4<<;,/ dqg Ehuqdqnh/ Jhuwohu dqg Jlofkulvw +4<<;,1 Iru d jhq0
hudo htxloleulxp vwlfn| sulfh prgho edvhg rq wkh Wd|oru +4<;3, irupxodwlrq/ vhh Fkdul/ Nhkrh dqg
PfJudwwhq +4<<9, dqg Nloh| +4<<:,1
751414 Lq dwlrq dqg Pdujlqdo Frvw
Wkh Fdoyr irupxodwlrq ohdgv wr d Skloolsv fxuyh zlwk surshuwlhv yhu| forvh wr wkh
vwdqgdug vwdjjhuhg sulfh irupxodwlrq/ exw dw wkh vdph wlph lw lv pruh wudfwdeoh:1
Iurp wkh vwdqgsrlqw ri hvwlpdwlrq/ ixuwkhu/ wkh sduvlprqlrxv uhsuhvhqwdwlrq lv kljko|
dgydqwdjhrxv1 Ohw Z| ghqrwh wkh lq dwlrq udwh dw | +wkh shufhqw fkdqjh lq wkh sulfh
ohyho iurp | ￿ ￿ wr |,> e ￿| wkh shufhqw ghyldwlrq ri wkh ￿up*v uhdo pdujlqdo frvw iurp
lwv vwhdg| vwdwh ydoxh> dqg q wkh vxemhfwlyh glvfrxqw idfwru1 E| orj0olqhdul}lqj wkh
￿uvw rughu frqglwlrq iru sulfh vhwwlqj +ri d ￿up zkr lv iuhh wr dgmxvw sulfh dw |, dqg
wkh sulfh lqgh{ lw lv srvvleoh wr ghulyh dq lq dwlrq htxdwlrq ri wkh irup=
Z| ’ b e ￿| n q. |Z | n￿ +4,
zkhuh wkh frh!flhqw b ￿
E￿3w￿E￿3qw￿
w ghshqgv rq wkh iuhtxhqf| ri sulfh dgmxvwphqw w
dqg wkh vxemhfwlyh glvfrxqw idfwru q￿;
Lqwxlwlyho|/ ehfdxvh ￿upv* duh +d, prqrsrolvwlf frpshwlwruv wkdw pdun xs sulfh
ryhu pdujlqdo frvwv/ +e, iruzdug orrnlqj/ dqg +f, pxvw orfn lqwr d sulfh iru +srvvleo|,
pxowlsoh shulrgv/ wkh| edvh wkhlu sulflqj ghflvlrqv rq wkh h{shfwhg ixwxuh ehkdylru ri





& e ￿|n& +5,
Wkh ehqfkpdun wkhru| wkxv lpsolhv wkdw lq dwlrq vkrxog htxdo d glvfrxqwhg vwuhdp
ri h{shfwhg ixwxuh pdujlqdo frvwv1
51415 Pdujlqdo Frvw dqg wkh Rxwsxw Jds
Wudglwlrqdo hpslulfdo zrun rq wkh Skloolsv fxuyh hpskdvl}hv vrph rxwsxw jds phdvxuh
dv wkh uhohydqw lqglfdwru ri uhdo hfrqrplf dfwlylw|/ dv rssrvhg wr pdujlqdo frvw1 Xqghu
fhuwdlq dvvxpswlrqv/ krzhyhu/ wkhuh lv dq dssur{lpdwh orjolqhdu uhodwlrqvkls ehwzhhq
wkh wzr yduldeohv1 Ohw +| ghqrwh wkh orj ri rxwsxw> +W
| wkh orj ri wkh ￿qdwxudo￿ ohyho ri
rxwsxw +wkh ohyho wkdw zrxog dulvh li sulfhv zhuh shuihfwo|  h{leoh,> dqg %|E￿ +| ￿+W
|￿
wkh ￿rxwsxw jds￿1 Wkhq/ xqghu fhuwdlq frqglwlrqv rqh fdq zulwh=<
:Urehuwv +4<<:, ghprqvwudwhv wkdw wkh Fdoyr +4<;6, dqg Wd|oru +4<;3, prghov kdyh yhu| vlplodu
lpsolfdwlrqv iru lq dwlrq g|qdplfv1 Lqghhg/ wkh wzr shulrg yhuvlrq ri wkh Wd|oru prgho |lhogv d
vroxwlrq iru lq dwlrq wkdw lv txlwh forvh wr wkdw rewdlqhg iurp wkh Fdoyr irupxodwlrq1 Vlpxodwlrqv
e| Mhdqqh +4<<;, lqglfdwh wkdw wkh wzr dssurdfkhv fdq jhqhudwh yhu| vlplodu g|qdplfv1
;Iru dq h{solflw ghulydwlrq/ vhh/ h1j1/ Jrrgiulhqg dqg Nlqj +4<<:,/ Nlqj dqg Zropdq +4<<9,/ ru
Zrrgirug +4<<9,1
<Lq wkh vwdqgdug vwlfn| sulfh iudphzrun zlwkrxw yduldeoh fdslwdo +h1j/ Urwhpehuj dqg Zrrgirug
+4<<:,,/ wkhuh lv dq dssur{lpdwh sursruwlrqdwh uhodwlrq ehwzhhq pdujlqdo frvw dqg rxwsxw1 Zlwk
yduldeoh fdslwdo wkh uhodwlrq lv qr orqjhu sursruwlrqdwh1 Vlpxodwlrqv vxjjhvw/ krzhyhu/ wkdw wkh
uhodwlrq uhpdlqv yhu| forvh wr sursruwlrqdwh1




zkhuh V lv wkh rxwsxw hodvwlflw| ri pdujlqdo frvw1
Frpelqlqj htxdwlrq htxdwlrqv +4, dqg +6, |lhogv d Skloolsv fxuyh0olnh uhodwlrqvkls=
Z| ’ bV% |nq. |Z | n￿ +7,
Dv zlwk wkh wudglwlrqdo Skloolsv fxuyh/ lq dwlrq ghshqgv srvlwlyho| rq wkh rxwsxw
jds dqg d ￿frvw sxvk￿ whup wkdw uh hfwv wkh lq xhqfh ri h{shfwhg lq dwlrq1 D nh|
gl￿huhqfh lv wkdw lw lv .|Z|n￿ dv rssrvhg wr .|3￿Z| +jhqhudoo| dvvxphg wr htxdo Z|3￿,
wkdw pdwwhuv1 Dv d frqvhtxhqfh/ lq dwlrq ghshqgv h{foxvlyho| rq wkh glvfrxqwhg








Uhfrqflolqj wkh qhz Skloolsv fxuyh zlwk wkh gdwd/ kdv qrw suryhg wr eh d vlpsoh wdvn1
Lq sduwlfxodu/ htxdwlrq +7, lpsolhv wkdw wkh fxuuhqw fkdqjh lq lq dwlrq vkrxog ghshqg
qhjdwlyho| rq wkh odjjhg rxwsxw jds1 Wr vhh/ odj htxdwlrq +7, rqh shulrg> dqg wkhq
dvvxph q * ￿ wr rewdlq
Z| ’ ￿bV% | 3 ￿nZ | 3 ￿n0 | +9,
zkhuh 0| ￿ Z| ￿ .|3￿Z|￿ Exw hvwlpdwlqj htxdwlrq +9, zlwk X1V1 gdwd +ohwwlqj %| *
ghwuhqghg orj JGS, |lhogv/
Z| ’ f￿fH￿
Ef￿fef￿
%|3￿ n Z|3￿ n 0| +:,
l1h1/ wkh lq dwlrq fkdqjhv ghshqgv srvlwlyho| rq odjjhg rxwsxw udwkhu wkdq qhjdwlyho|=
Wkh hvwlpdwhg htxdwlrq/ xqiruwxqdwho|/ uhvhpeohv wkh rog Skloolsv fxuyh udwkhu wkdq
wkh qhz $
Wkh hvvhqwldo sureohp/ dv hpskdvl}hg e| Ixkuhu dqg Prruh +4<<8,/ lv wkdw wkh
ehqfkpdun qhz Skloolsv fxuyh lpsolhv wkdw lq dwlrq vkrxog ohdg pryhphqwv lq wkh
rxwsxw jds= Dv htxdwlrq +7, lqglfdwhv/ lq dwlrq htxdov d glvfrxqwhg vhtxhqfh ri ixwxuh
rxwsxw jdsv1 Lq wkh gdwd/ krzhyhu/ pryhphqwv lq frpprq sur{lhv iru wkh rxwsxw jds
+h1j1/ ghwuhqghg rxwsxw, whqg wr ohdg udwkhu wkdq odj lq dwlrq/ dv hpskdvl}hg lq wkh
wudglwlrqdo Skloolsv fxuyh olwhudwxuh ^vhh/ h1j1/ Ixkuhu dqg Prruh +4<<8,‘1
Dqrwkhu glvfrpiruwlqj ihdwxuh ri wkh qhz Skloolsv fxuyh dv jlyhq e| htxdwlrq
+7, lv wkh vwdun suhglfwlrq ri qr vkruw uxq wudgh0r￿ ehwzhhq rxwsxw dqg lq dwlrq1
9Sxw gl￿huhqwo|/ htxdwlrq +8, lpsolhv wkdw d glvlq dwlrq ri dq| vl}h frxog eh dfklhyhg
frvwohvvo| dqg lpphgldwho| e| d fhqwudo edqn wkdw frxog frpplw wr vhwwlqj wkh sdwk
ri ixwxuh rxwsxw jdsv htxdo wr }hur1 Wkh klvwrulfdo h{shulhqfh vxjjhvwv/ lq frqwudvw/
wkdw glvlq dwlrqv lqyroyh d vxevwdqwldo rxwsxw orvv ^h1j1/ Edoo +4<<7,‘1 Lw pd| eh
srvvleoh wr dsshdo wr lpshuihfw fuhglelolw| wr uhfrqfloh wkh wkhru| zlwk wkh gdwd1
Li/ iru h{dpsoh/ wkh fhqwudo edqn fdqqrw frpplw wr vwdelol}lqj ixwxuh rxwsxw/ wkhq
uhgxfwlrq ri lq dwlrq pd| lqyroyh fxuuhqw rxwsxw orvvhv ^h1j1/ Edoo +4<<8,‘1 Zkloh
wklv wkhru| fohduo| zduudqwv ixuwkhu lqyhvwljdwlrq/ wkhuh lv fxuuhqwo|/ krzhyhu/ olwwoh
gluhfw hylghqfh wr vxssruw lw1 Ixuwkhu/ frxqwulhv zlwk kljko| fuhgleoh fhqwudo edqnv
+h1j1/ Jhupdq|, kdyh h{shulhqfhg yhu| frvwo| glvlq dwlrqv ^h1j1/ Fodulgd dqg Jhuwohu
+4<<:,‘1
Wkh hpslulfdo olplwdwlrqv ri wkh qhz Skloolsv fxuyh kdyh ohg d qxpehu ri uh0
vhdufkhuv wr frqvlghu d k|eulg yhuvlrq ri wkh qhz dqg rog=
Z| ’ B% |nE ￿￿￿ ￿. |Z | n￿ n￿Z | 3 ￿ +;,
zlwk f ￿￿￿￿ 1 Wkh lghd lv wr ohw lq dwlrq ghshqg rq d frqyh{ frpelqdwlrq ri
h{shfwhg ixwxuh lq dwlrq dqg odjjhg lq dwlrq1 Wkh dgglwlrq ri wkh odj whup lv ghvljqhg
wr fdswxuh wkh lq dwlrq shuvlvwhqfh wkdw lv xqh{sodlqhg lq wkh edvholqh prgho143 D
ixuwkhu lpsolfdwlrq ri wkh odj whup lv wkdw glvlq dwlrqv qrz lqyroyh frvwo| rxwsxw
uhgxfwlrq1
Wkh prwlydwlrq iru wkh k|eulg dssurdfk lv odujho| hpslulfdo1 Ixkuhu dqg Prruh
+4<<8, dsshdo wr Exlwhu dqg Mhzlww*v +4<;8, uhodwlyh zdjh k|srwkhvlv1 Zkloh wkh
vwru| pd| eh sodxvleoh/ lw grhv qrw hyroyh iurp dq h{solflw rswlpl}dwlrq sureohp/
lq frqwudvw wr wkh ehqfkpdun irupxodwlrq1 Urehuwv +4<<:/ 4<<;, lqvwhdg dsshdov wr
dgdswlyh h{shfwdwlrqv rq wkh sduw ri d vxevhw ri sulfh vhwwhuv1 Xqghu klv irupxodwlrq/
vrph irup ri dgdswlyh uxoh uhsodfhv odjjhg lq dwlrq1
Rggo| hqrxjk/ krzhyhu/ wkh k|eulg Skloolsv fxuyh kdv phw zlwk udwkhu olplwhg
vxffhvv1 Lq sduwlfxodu/ wkh uhodwlrq grhv qrw vhhp wr surylgh d jrrg fkdudfwhul}dwlrq
ri lq dwlrq g|qdplfv dw wkh txduwhuo| iuhtxhqf|1 Fkdgkd/ Pdvvrq/ dqg Phuhglwk
+4<<5,/ iru h{dpsoh/ rewdlq uhdvrqdeoh sdudphwhu hvwlpdwhv ri htxdwlrq +;,/ exw rqo|
zlwk dqqxdo gdwd1 Urehuwv +4<<:/ 4<<;, vlploduo| zrunv pdlqo| zlwk dqqxdo dqg vhpl0
dqqxdo gdwd1 Zlwk txduwhuo| gdwd/ kh kdv gl!fxow| rewdlqlqj vljql￿fdqw hvwlpdwhv ri
wkh h￿hfw ri wkh rxwsxw jds rq lq dwlrq1 Ixkuhu +4<<:, lv deoh wr rewdlq d vljql￿0
fdqw rxwsxw jds frh!flhqw zlwk txduwhuo| gdwd/ exw rqo| zkhq wkh prgho lv khdylo|
uhvwulfwhg1 Lq wklv lqvwdqfh wkh hvwlpdwhg prgho lv frqvlvwhqw zlwk wkh rog Skloolsv
43D vshfldo fdvh ri htxdwlrq +;, zlwk ! @3 = 8lv wkh zlgho| xvhg ￿vwlfn| lq dwlrq￿ prgho ri Exlwhu
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Xqghu wklv irupxodwlrq/ wkh fkdqjh lq wkh lq dwlrq udwh lv uhodwhg wkh h{shfwhg sdwk ri wkh ixwxuh
rxwsxw jdsv1
:fxuyh= h{shfwhg ixwxuh lq dwlrq grhv qrw hqwhu vljql￿fdqwo| lq wkh lq dwlrq htxdwlrq>
odjjhg lq dwlrq hqwhuv zlwk d frh!flhqw qhdu xqlw|/ dv lq wkh wudglwlrqdo iudphzrun1
Wkhuh duh krzhyhu/ vhyhudo sureohpv zlwk wklv dssurdfk wkdw frxog srvvleo| df0
frxqw iru wkh hpslulfdo vkruwfrplqjv1 Iluvw/ frqyhqwlrqdo phdvxuhv ri wkh rxwsxw
jds %| duh olnho| wr eh ulgghq zlwk huuru/ sulpdulo| gxh wr wkh xqrevhuydelolw| ri
wkh qdwxudo udwh ri rxwsxw +W
| 144 D w|slfdo dssurdfk wr phdvxulqj +W
| lv wr xvh d
￿wwhg ghwhuplqlvwlf wuhqg1 Dowhuqdwlyhv duh wr xvh wkh Frqjuhvvlrqdo Exgjhw R!fh
+FER, hvwlpdwh ru lqvwhdg xvh d phdvxuh ri fdsdflw| xwlol}dwlrq dv wkh jds yduldeoh1
Lw lv zlgho| djuhhg wkdw doo wkhvh dssurdfkhv lqyroyh frqvlghudeoh phdvxuhphqw huuru1
Wr wkh h{whqw wkhuh lv vljql￿fdqw kljk iuhtxhqf| yduldwlrq lq +W
| +h1j1/ gxh wr vxsso|
vkrfnv, plvphdvxuhphqw frxog glvwruw wkh hvwlpdwlrq ri dq lq dwlrq htxdwlrq olnh +7,
ru +;,145
D pruh ixqgdphqwdo lvvxh lq rxu ylhz/ krzhyhu/ lv wkdw hyhq li wkh rxwsxw jds
zhuh revhuydeoh wkh frqglwlrqv xqghu zklfk lw fruuhvsrqgv wr pdujlqdo frvw pd| qrw
eh vdwlv￿hg1 Rxu dqdo|vlv ri wkh gdwd vxjjhvwv wkdw pryhphqwv lq rxu phdvxuh ri uhdo
pdujlqdo frvw +ghvfulehg ehorz, whqg wr odj pryhphqwv lq rxwsxw/ lq gluhfw frqwudvw
wr wkh lghqwli|lqj dvvxpswlrqv wkdw lpso| d fr0lqflghqw pryhphqw1 Wklv glvfuhsdqf|/
zh zloo dujxh/ lv rqh lpsruwdqw uhdvrq zk| vwuxfwxudo hvwlpdwlrq ri Skloolsv fxuyhv
edvhg rq wkh rxwsxw jds pd| eh sureohpdwlf1
516 Rxu Dssurdfk
Lq oljkw ri wkh gl!fxowlhv zlwk xvlqj wkh rxwsxw jds/ zh lqvwhdg xvh lq wkh hpslulfdo
dqdo|vlv ehorz phdvxuhv ri uhdo pdujlqdo frvw/ lq d zd| frqvlvwhqw zlwk wkh wkhru|1
Vlqfh uhdo pdujlqdo frvw lv qrw gluhfwo| revhuydeoh/ zh xvh uhvwulfwlrqv iurp wkhru|
wr ghulyh d phdvxuh edvhg rq revhuydeohv1 Lq frqvwuxfwlqj wkh phdvxuh/ zh frqvlghu
vhyhudo dowhuqdwlyh k|srwkhvhv derxw whfkqrorj|1
Lq dgglwlrq/ zh ghulyh dq hfrqrphwulf vshfl￿fdwlrq iru lq dwlrq wkdw uhvhpeohv
wkh ￿k|eulg Skloolsv fxuyh￿ e| h{whqglqj wkh Fdoyr iudphzrun wr doorz iru d vxevhw
ri ￿upv wkdw xvh edfnzdug orrnlqj uxohv ri wkxpe wr vhw sulfhv1 Wkh dgydqwdjh ri
surfhhglqj wklv zd| lv wkdw wkh frh!flhqwv ri rxu k|eulg Skloolsv fxuyh +lqfoxglqj
wkh frh!flhqw rq uhdo pdujlqdo frvwv, duh ixqfwlrqv ri wzr nh| sulplwlyhv wkdw zh fdq
lghqwli| dqg hvwlpdwh xvlqj frqyhqwlrqdo hfrqrphwulf phwkrgv= wkh iuhtxhqf| ri sulfh
dgmxvwphqw dqg wkh iudfwlrq ri edfnzdug orrnlqj0sulfh vhwwhuv1 Wkh iruphu sdudphwhu
phdvxuhv wkh ghjuhh ri sulfh vwlfnlqhvv/ zkloh wkh odwwhu phdvxuhv wkh ghsduwxuh iurp
44Wklv lvvxh lv fxuuhqwo| ri juhdw sudfwlfdo lpsruwdqfh lq wkh X1V1= lq uhfhqw |hduv wkh phdvxuhg
rxwsxw jds lv zhoo deryh wuhqg/ exw lq dwlrq lv zhoo ehorz wuhqg1 Lw wkxv dsshduv wkdw plvphdvxuh0
phqw ri wkh wuxh rxwsxw jds lv frqirxqglqj wkh delolw| ri wudglwlrqdo Skloolsv fxuyhv wr h{sodlq wkh
gdwd1 Vhh Orzq dqg Ulfk +4<<:,1
45Iru h{dpsoh/ lq wkh suhvhqfh ri qrplqdo uljlglwlhv/ vxsso| vkrfnv duh olnho| wr pryh ghwuhqghg
rxwsxw dqg wkh wuxh rxwsxw jds lq rssrvlwh gluhfwlrqv ^Jdol +4<<;,‘1 Lq dgglwlrq/ xqrevhuyhg vxsso|
vkrfnv frxog srwhqwldoo| dffrxqw iru vrph ri wkh h{sodqdwru| srzhu ri odjjhg lq dwlrq1
;d sxuh iruzdug orrnlqj prgho qhhghg wr dffrxqw iru wkh shuvlvwhqfh lq lq dwlrq461
6 D Vwuxfwxudo Prgho ri Lq dwlrq G|qdplfv
Lq wklv vhfwlrq zh ghyhors d vwuxfwxudo prgho ri lq dwlrq g|qdplfv wkdw lv erwk
wudfwdeoh dqg vxlwdeoh iru hvwlpdwlrq1 Rxu vwduwlqj srlqw lv d yhuvlrq ri Fdoyr*v
+4<;6, prgho ri vwdjjhuhg sulfh vhwwlqj1
Wkhuh lv d frqwlqxxp ri ￿upv ri phdvxuh rqh1 Hdfk lv d prqrsrolvwlf frpshwlwru
wkdw surgxfhv d gl￿huhqwldwhg surgxfw1 Ohw ￿|E5￿ dqg t|E5￿ ghqrwh qrplqdo sulfh dqg
rxwsxw iru ￿up 5/ dqg ￿| dqg t| eh wkh fruuhvsrqglqj djjuhjdwh ydoxhv1 Ilup 5 idfhv
wkh iroorzlqj frqyhqwlrqdo frqvwdqw hodvwlflw| ghpdqg ixqfwlrq iru lwv rxwsxw
t|E5￿’
#




Dv lq Fdoyr*v prgho/ hdfk ￿up lv deoh wr dgmxvw lwv sulfh lq dq| jlyhq shulrg zlwk
d ￿{hg suredelolw| ￿ ￿ w/ zklfk wr idflolwdwh djjuhjdwlrq/ lv lqghshqghqw ri wkh wlph
wkh sulfh kdv ehhq ￿{hg1 Zh ghsduw iurp Fdoyr e| kdylqj wzr w|shv ri ￿upv frh{lvw1
D iudfwlrq ￿ ￿ / ri wkh ￿upv/ zklfk zh uhihu wr dv ￿iruzdug orrnlqj/￿ ehkdyh olnh
wkh ￿upv lq Fdoyr*v prgho= wkh| vhw sulfhv rswlpdoo|/ jlyhq wkh frqvwudlqwv rq wkh
wlplqj ri dgmxvwphqwv dqg xvlqj doo wkh dydlodeoh lqirupdwlrq lq rughu wr iruhfdvw
ixwxuh pdujlqdo frvwv1 Wkh uhpdlqlqj ￿upv/ ri phdvxuh // dqg zklfk zh uhihu wr dv
￿edfnzdug orrnlqj/￿ lqvwhdg xvh d vlpsoh uxoh ri wkxpe wkdw zh ghvfuleh ehorz/ dqg
zklfk uhtxluhv rqo| vrph sdvw lqirupdwlrq rq djjuhjdwh sulfh ehkdylru147
Zh qh{w surfhhg wr ghvfuleh irupdoo| wkh sulfh vhwwlqj ehkdylru e| erwk w|shv ri
￿upv1 Zh wkhq djjuhjdwh wr ghulyh d vwuxfwxudo lq dwlrq htxdwlrq1
614 Iruzdug Orrnlqj Ilupv
Dv lq wkh vwdqgdug Fdoyr vhwxs/ wkhvh ￿upv fkrrvh wkh qrplqdo sulfh/ ghqrwhg e| ￿
s
| /
lq rughu wr pd{lpl}h h{shfwhg glvfrxqwhg sur￿wv/ jlyhq wkh dqwlflsdwhg ghpdqg iru
wkhlu jrrg/ wkhlu whfkqrorj|/ dqg wkh frqvwudlqwv rq ixwxuh sulfh uhdgmxvwphqwv1 Ohw
￿
?
| eh wkh ￿up*v qrplqdo pdujlqdo frvw lq shulrg |1 Wkhq/ dv lq Fdoyr*v prgho/ wkh
rswlpdo sulfh ￿
s
| lv d pdunxs ryhu d zhljkwhg dyhudjh ri h{shfwhg ixwxuh qrplqdo
46Lq wklv yhlq/ wkh dssurdfk lv vlplodu wr wkh zd| Fdpsehoo dqg Pdqnlz +4<;<, whvwhg wkh olih
f|foh2shupdphqw lqfrph k|srwkhvlv ri frqvxpswlrq1 Udwkhu wkdq vlpso| uhmhfw d sxuh iruzdug
orrnlqj prgho/ wkh| doorzhg iru vrph uxoh ri wkxpe frqvxphuv wr surylgh d phwulf ri krz idu wkh
edvholqh prgho lv iurp wkh gdwd1
47Jkh}}l +4<<:, ghyhorsv d frqwlqxrxv wlph yduldqw ri wkh Fdoyr prgho wkdw doorzv iru edfnzdug0
orrnlqj sulfh vhwwhuv1 Lq dgglwlrq wr ehlqj lq glvfuhwh wlph/ rxu irupxodwlrq gl￿huv lq wkdw zh uhtxluh
wkdw wkh edfnzdug orrnlqj uxoh eh frqvlvwhqw zlwk iruzdug orrnlqj ehkdylru lq wkh vwhdg| vwdwh/ vr
wkdw wkhuh duh qr shuvlvwhqw ghsduwxuhv ehwzhhq rswlpdo dqg uxoh ri wkxpe ehkdylru1















"3￿ +zklfk fruuhvsrqgv wr wkh ghvluhg pdunxs xqghu  h{leoh sulfhv,/ dqg




















t|n& lv wkh ￿up*v uhyhqxhv dw | n & frqglwlrqdo rq ￿
s
| /
dqg ’|c|n& lv wkh uhohydqw vwrfkdvwlf glvfrxqw idfwru ehwzhhq | dqg |n&1 Qrwh wkdw dv w
frqyhujhv wr f ￿ wkh fdvh zkhuh doo ￿upv uhvhw wkhlu sulfhv hyhu| shulrg ￿ wkhq htxdwlrq
+43, frqyhujhv wr wkh frqyhqwlrqdo vwdwlf rswlpdo sulflqj frqglwlrq/ l1h1/ ￿
s
| ’ > ￿
?
| ￿
615 Edfnzdug Orrnlqj Ilupv
Edfnzdug orrnlqj ￿upv duh dvvxphg wr iroorz d uxoh ri wkxpe wkdw kdv wkh iroorzlqj
wzr ihdwxuhv= +d, qr shuvlvwhqw ghyldwlrqv ehwzhhq wkh uxoh dqg rswlpdo ehkdylru>
l1h1/ lq d vwhdg| vwdwh htxloleulxp wkh uxoh lv frqvlvwhqw zlwk rswlpdo ehkdylru> +e,
wkh sulfh lq shulrg | jlyhq e| wkh uxoh ghshqgv rqo| rq lqirupdwlrq gdwhg dw | ￿ ￿ ru
hduolhu￿ Wkhvh frqvlghudwlrqv ohdg xv wr d vlpsoh uxoh wkdw lv edvhg rq wkh prvw uhfhqw
urxqg ri sulfh dgmxvwphqwv e| wkh ￿up*v frpshwlwruv= Ohw ￿K
| E5￿ eh sulfh fkdujhg e|
d edfnzdug orrnlqj ￿up 5 wkdw lv dgmxvwlqj lwv sulfh dw |1 Wkhq/ ￿ K


















|3￿ lv dq lqgh{ ri qhz sulfhv srvwhg dw | ￿ ￿1









￿|32/ wlphv d idfwru
￿|3￿
￿ K




￿|32 surylghv d jxlgh dv krz pxfk wkh ￿up vkrxog fkdqjh sulfh dw
| vlqfh lw uh hfwv wkh dyhudjh dgmxvwphqw e| ￿upv wkdw kdg wr pdnh d vlplodu ghflvlrq
mxvw rqh shulrg hduolhu1 Wklv phdvxuh lv dgmxvwhg e| wkh ￿up*v uhodwlyh sulfh dw | wr
fruuhfw iru wkh lqlwldo srvlwlrq ri wkh ￿up*v sulfh uhodwlyh wr wkh dyhudjh +h1j1/ d ￿up
wkdw kdv lwv sulfh deryh dyhudjh lq | ￿ ￿ zloo lqfuhdvh lw e| ohvv dw |c hyhu|wklqj hovh







￿ | 3 2
$
￿ | 3 ￿ +45,
43Wkxv/ doo uxoh ri wkxpe dgmxvwhuv fkrrvh wkh vdph sulfh ￿ K
| dw |1
Vhyhudo revhuydwlrqv duh lq rughu1 Iluvw/ hyhq wkrxjk wkh uxoh lv edvhg rq sdvw
sulfh dgmxvwphqwv +e| rwkhu ￿upv,/ lw grhv lpsolflwo| lqfrusrudwh lqirupdwlrq derxw
wkh ixwxuh/ vlqfh wkh sulfh lqgh{ ￿ W
|3￿ lv sduwo| ghwhuplqhg e| iruzdug orrnlqj sulfh
vhwwhuv1 Vhfrqg/ wkh uxoh fruuhvsrqgv wr rswlpdo ehkdylru lq wkh vwhdg| vwdwh/ vlqfh
erwk edfnzdug dqg iruzdug orrnlqj sulfh vhwwhuv zloo dgmxvw dw wkh vdph udwh lq wklv
flufxpvwdqfh1 Wklug/ wr wkh h{whqw wkh shufhqw gl￿huhqfh ehwzhhq wkh iruzdug dqg
edfnzdug sulfh lv qrw odujh/ wkh orvv wr d ￿up iurp uxoh ri wkxpe ehkdylru zloo eh
vhfrqg rughu/ iru wkh xvxdo dujxphqwv gxh wr wkh hqyhorsh wkhruhp1 Wklv lv pruh
olnho| wr eh wkh fdvh li edfnzdug orrnlqj sulfh vhwwhuv duh d uhodwlyho| vpdoo iudfwlrq
ri wkh srsxodwlrq148
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Lw lv frqyhqlhqw wr h{suhvv wkh sulfhv vhw e| iruzdug dqg edfnzdug orrnlqj ￿upv/





























￿| / ￿| ￿
￿?
|
￿| c dqg ^| ￿
￿ W
|
￿| 1 Xvlqj wkh qhzo| gh￿qhg yduldeohv/
dqg frpelqlqj htxdwlrqv +46, dqg +47, zh fdq rewdlq dq h{suhvvlrq ghwhuplqlqj wkh
fxuuhqw udwh ri lq dwlrq Z| ￿
￿|
￿|3￿ ￿ ￿ dv d ixqfwlrq ri wkh uhodwlyh sulfhv vhw e| wkh
wzr w|shv ri ￿upv lq shulrg | =
w E￿nZ |￿











48Zkhq edfnzdug orrnlqj sulfh0vhwwhuv duh d uhodwlyho| vpdoo iudfwlrq ri wkh srsxodwlrq/ wkh lqgh{
ri qhzo| vhw sulfhv S ￿
w lv grplqdwhg e| iruzdug orrnlqj sulfh vhwwhuv1 Jlyhq wkdw Se
w forvho| wudfnv
S ￿
w￿4/ wkh edfnzdug orrnlqj sulfh zloo eh forvh rq dyhudjh wr wkh iruzdug orrnlqj sulfh1 Zh kdyh
frqgxfwhg vlpxodwlrqv ri d frpsohwh prgho wkdw ehdu rxw wklv orjlf1
49Jlyhq wkh ￿up*v ghpdqg ixqfwlrq/ wkh sulfh lqgh{ lv wkh iroorzlqj FHV djjuhjdwru ryhu wkh
sulfhv ri lqglylgxdo jrrgv= Sw @^
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44Wr rewdlq rxu vwuxfwxudo Skloolsv fxuyh/ zh orj0olqhdul}h htxdwlrqv +48,/ +49,/ dqg
+4:, durxqg d }hur lq dwlrq vwhdg| vwdwh +zkhuh ^K ’ ^s ’ ^ ’ ￿/ dqg ￿ ’ >3￿ ,/ dqg
wkhq frpelqh wkhp wr rewdlq=4:
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Wklv vshfl￿fdwlrq gl￿huv iurp wkh k|eulg prgho xvhg lq uhfhqw hpslulfdo uhvhdufk
+glvfxvvhg lq wkh suhylrxv vhfwlrq, lq wzr ixqgdphqwdo zd|v1 Iluvw/ uhdo pdujlqdo frvw
dv rssrvhg wr wkh rxwsxw jds lv wkh iruflqj yduldeoh1 Vhfrqg/ doo wkh frh!flhqwv duh
h{solflw ixqfwlrqv ri wkuhh prgho sdudphwhuv= wc zklfk phdvxuhv wkh ghjuhh ri sulfh
vwlfnlqhvv> // wkh ghjuhh ri ￿edfnzdugqhvv￿ lq sulfh vhwwlqj/ dqg wkh glvfrxqw idfwru
q1
Wzr vshfldo fdvhv surylgh xvhixo ehqfkpdunv= Iluvw/ zkhq / ’ fc doo ￿upv duh
iruzdug orrnlqj dqg wkh prgho frqyhujhv wr wkh ehqfkpdun qhz Skloolsv fxuyh lq0
wurgxfhg lq wkh suhylrxv vhfwlrq1 Vhfrqg/ zkhq q ’￿ / wkhq ￿s n ￿K ’￿ /zklfk
lpsolhv wkdw wkh prgho wdnhv wkh irup ri k|eulg htxdwlrq glvfxvvhg hduolhu +h{fhsw
wkdw pdujlqdo frvw dqg qrw wkh rxwsxw jds dsshduv qrz dv wkh gulylqj irufh,1
617 Hfrqrphwulf Vshfl￿fdwlrq
Wr hvwlpdwh htxdwlrq +4;,/ zh ￿uvw qhhg wr rewdlq d phdvxuh ri uhdo pdujlqdo frvw1 Zh
dvvxph d Free0Grxjodv whfkqrorj| zklfk doorzv iru ryhukhdg oderu1 Ohw ~| ghqrwh
whfkqrorj|/ g| fdslwdo/ ￿| wrwdo oderu dqg ￿ ryhukhdg oderu1 Wkhq rxwsxw t| lv jlyhq
e|
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zklfk fdq eh frpelqhg wr rewdlq +4;,1
45Zh lqfoxgh ryhukhdg oderu dv d vlpsoh zd| wr dffrxqw iru wkh suhvhqfh ri hlwkhu
lqfuhdvlqj uhwxuqv ru oderu krduglqj lq phdvxulqj uhdo pdujlqdo frvw14; Zh qrwh dovr
wkdw wkh dssurdfk lv urexvw wr dgglqj dgglwlrqdo lqsxwv/ vxfk dv udz pdwhuldov/ vr
orqj dv wkhvh lqsxwv hqwhu lq wkh surgxfwlrq ixqfwlrq lq Free0Grxjodv irup14<
Uhdo pdujlqdo frvw lv jlyhq e| wkh udwlr ri wkh zdjh udwh wr wkh pdujlqdo surgxfw
























￿|t| lv wkh oderu lqfrph vkduh +htxlydohqwo|/ uhdo xqlw oderu frvwv,531
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olqhdul}lqj durxqg wkh vwhdg| vwdwh lpsolhv wkdw wkh shufhqw ghyldwlrq lq pdujlqdo
frvwv fruuhvsrqg wr wkh shufhqw ghyldwlrqv lq wkh oderu vkduh=
e ￿| ’ e r
￿
| +57,
Frpelqlqj htxdwlrqv +57, dqg +4;, |lhogv wkh iroorzlqj hfrqrphwulf vshfl￿fdwlrq
iru lq dwlrq=
Z| ’ b e r
￿
| n ￿s Z|n￿ n ￿K Z|3￿ n 0|n￿ +58,
zkhuh 0|n￿ ’ .|Z|n￿ ￿ Z|/ zklfk/ xqghu udwlrqdo h{shfwdwlrqv/ lv xqfruuhodwhg zlwk
lqirupdwlrq dydlodeoh dw |￿ Lw iroorzv wkdw/ lq sulqflsoh/ yduldeohv gdwhg | dqg hduolhu
duh ydolg lqvwuxphqwv iru hvwlpdwlrq ri htxdwlrq +58,1 Lq dgglwlrq/ wkh frh!flhqwv bc
￿sc dqg ￿K pxvw vdwlvi| wkh uhvwulfwlrqv jlyhq e| htxdwlrqv +4<,/ +53,/ dqg +54,1
4;Wkh phdvxuh ri dgmxvwphqw frvwv pd| dovr eh vhqvlwlyh wr dgmxvwphqw frvwv ri oderu1 Doorzlqj
iru lqwhuqdo dgmxvwphqw frvwv ri oderu lv sureohpdwlf vlqfh wkh dgglwlrq ri dqrwkhu vwdwh yduldeoh
+odjjhg hpsor|phqw, wr wkh ￿up*v ghflvlrq sureohp pd| frpsolfdwh wkh djjuhjdwlrq ri rswlpdo
sulfh vhwwlqj ehkdylru1 Dvvxplqj h{whuqdo dgmxvwphqw frvwv/ wkrxjk shukdsv ohvv uhdolvwlf/ idflolwdwhv
djjuhjdwlrq dqg pd| eh vdwlvidfwru| iurp wkh vwdqgsrlqw ri fdswxulqj wkh lpsdfw ri dgmxvwphqw
frvwv rq pdujlqdo frvwv1 Lq dq| hyhqw/ zh sodq wr h{soruh wklv dyhqxh1
4<Ohw [w ghqrwh lqsxwv rwkhu wkdq oderu dqg fdslwdo +h1j1/ udz pdwhuldov,1 Vxssrvh qrz wkdw
\w @ ]w +N￿
w +Qw ￿ Q,4￿￿,￿[
4￿￿
w > zlwk 3 ?￿?4 1 Wkhq lw lv vwudljkwiruzdug wr yhuli| wkdw rxu
h{suhvvlrqv iru pdujlqdo frvw uhpdlq xqfkdqjhg1 Li udz pdwhuldov lqvwhdg hqwhu lq Ohrqwlhi irup/
wkhq lw lv qhfhvvdu| wr glvwlqjxlvk ehzwhhq ydoxh0dgghg dqg jurvv surgxfwlrq1 Vhh/ h1j1/ Ehqderx
+4<<5,1
53Lqwhuhvwlqjo|/ Orzq dqg Ulfk +4<<:, vkrz wkdw dxjphqwlqj wkh jurzwk ri d wudglwlrqdo Skloolsv
fxuyh zlwk wkh jurzwk udwh ri qrplqdo xqlw oderu frvwv juhdwo| lpsuryhv wkh ￿w1 Zh dovr vwuhvv wkh
uroh ri xqlw oderu frvwv/ h{fhsw wkdw lq rxu dssurdfk/ +wkh orj ohyho, ri uhdo xqlw oderu frvwv hqwhuv dv
wkh uhohydqw jds yduldeoh/ dv wkh wkhru| vxjjhvwv1
4661715 Lqfuhdvlqj Uhwxuqv
Lq wklv lqvwdqfh/ ￿ : f￿ Zh slq ￿ grzq e| wkh uhtxluhphqw ri }hur sur￿wv lq wkh
vwhdg| vwdwh/ zklfk lpsolhv ￿ ’￿￿
￿
￿￿Orj0olqhdul}lqj htxdwlrq +56, durxqg wkh }hur
sur￿w vwhdg| vwdwh wkhq |lhogv=
e ￿| ’ e r
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zkhuh > ￿ ￿
3￿ lv wkh vwhdg| vwdwh pdunxs +dv zhoo dv dq lqgh{ ri lqfuhdvlqj uhwxuqv,1
Frpelqlqj htxdwlrqv +59, dqg +4;, wkhq |lhogv
Z| ’ b e r
￿
| n bE> ￿ ￿￿ f ￿| n ￿s Z|n￿ n ￿K Z|3￿ n 0|n￿ +5:,
zkhuh/ djdlq/ b/ ￿s/ dqg ￿K pxvw vdwlvi| wkh uhvwulfwlrqv jlyhq e| htxdwlrqv +4<,/ +53,/
dqg +54,1
Htxdwlrqv +58, dqg +5:, irup wkh edvlv ri wkh hpslulfdo dqdo|vlv ghvfulehg qh{w1
7 Hvwlpdwlrq dqg Uhvxowv
Lq wklv vhfwlrq zh suhvhqw hvwlpdwhv ri rxu vwuxfwxudo prgho dqg dovr hydoxdwh lwv
ryhudoo shuirupdqfh ylv0d0ylv wkh gdwd1 Zh ehjlq zlwk wkh edvholqh fdvh ri frqvwdqw
uhwxuqv ghvfulehg lq wkh suhylrxv vhfwlrq1 Zh wkhq frqvlghu d ydulhw| ri urexvwqhvv
h{huflvhv wkdw lqfoxgh= dowhuqdwlyh vshfl￿fdwlrqv/ dowhuqdwlyh phdvxuhv ri pdujlqdo
frvwv/ dqg vxe0vdpsoh vwdelolw|1 Ilqdoo|/ wr dvvhvv krz zhoo wkh htxdwlrq ghvfulehv
wkh gdwd/ zh frqvwuxfw d phdvxuh zh whup ￿ixqgdphqwdo lq dwlrq￿ wkdw lv lpsolhg
e| rxu prgho/ dqg vkrz lw grhv d jrrg mre ri fkdudfwhul}lqj wkh dfwxdo ehkdylru ri
lq dwlrq/ lqfoxglqj lwv ehkdylru lq uhfhqw |hduv +zklfk uhsuhvhqwv d uhdo sx}}oh iru
￿frqyhqwlrqdo￿ lq dwlrq htxdwlrqv,1
714 Hvwlpdwhv ri wkh Edvholqh Prgho
Zh hvwlpdwh wkh vwuxfwxudo sdudphwhuv q/ wc dqg / xvlqj d qrq0olqhdu lqvwuxphqwdo
yduldeohv hvwlpdwru dssolhg wr +58, jlyhq +4<,0+54,1 Zh xvh txduwhuo| X1V1 gdwd iru
wkh shulrg 4<93=4 wr 4<<9=71 Zh xvh wkh shufhqw fkdqjh lq wkh JGS gh dwru iru
Z|( dqg wkh oderu lqfrph vkduh lq wkh qrq0idup exvlqhvv vhfwru iru r￿
| 1 Zh xvh dv
lqvwuxphqwv irxu odjv ri lq dwlrq/ wkh oderu lqfrph vkduh/ hpsor|phqw/ wkh orqj0vkruw
lqwhuhvw udwh vsuhdg/ zdjh lq dwlrq/ dqg frpprglw| sulfh lq dwlrq154
Wdeoh 4 suhvhqwv wkh hvwlpdwhv iru wkh edvholqh prgho/ zlwk vwdqgdug huuruv lq
sduhqwkhvhv1 Wkuhh fdvhv duh frqvlghuhg1 Wkh ￿uvw lpsrvhv wkh uhvwulfwlrqv rq wkh
frh!flhqwv ri +58, jlyhq e| htxdwlrqv +4<,0+54,1 Wkh vhfrqg dggv wkh uhvwulfwlrq
q ’ ￿/ lpso|lqj ￿K n ￿s ’￿ 1 Wkh wklug suhvhqwv dq xquhvwulfwhg gluhfw hvwlpdwh ri
54Zh lqfoxgh rqo| odjjhg ydoxhv dv lqvwuxphqwv wr doorz iru wkh srvvlelolw| ri dq l1l1g1 huuru whup
lq edfnzdug orrnlqj sulfh vhwwlqj1
47wkh frh!flhqwv bc￿scdqg ￿K lq htxdwlrq +58,1 Lq wkh ￿uvw wzr fdvhv/ zh dovr uhsruw
wkh hvwlpdwhv ri bc￿sc dqg ￿K lpsolhg e| wkh hvwlpdwhv ri w/ q/ dqg /1
Lq hdfk fdvh wkh sdudphwhuv duh suhflvho| hvwlpdwhg dqg frqvlvwhqw zlwk wkh xqghu0
o|lqj wkhru|1 Wkh uhvxowv/ ixuwkhu/ duh uhdvrqdeo| frqvlvwhqw dfurvv vshfl￿fdwlrqv1 Lq
hdfk fdvh wkh vshfl￿fdwlrq lv qrw uhmhfwhg/ dv lqglfdwhg e| wkh R ydoxhv fruuhvsrqglqj
wr d whvw ri wkh prgho*v ryhulghqwli|lqj uhvwulfwlrqv/ uhsruwhg lq wkh odvw froxpq ri
Wdeoh 41
Zh ehjlq zlwk wkh edvlf fdvh1 Wkh sdudphwhu w lv hvwlpdwhg wr eh f￿H zlwk
vwdqgdug huuru f￿f2/ zklfk lpsolhv wkdw sulfhv duh ￿{hg iru urxjko| ￿yh txduwhuv rq
dyhudjh551 Wkdw shulrg ohqjwk pd| vhhp d elw orqj/ exw lv qrw idu r￿ iurp vxuyh|
hylghqfh zklfk vxjjhvwv wkuhh wr irxu txduwhuv156 Wkh sdudphwhu / lv hvwlpdwhg wr eh
f￿2￿ zlwk d vwdqgdug huuru f￿fD/ lpso|lqj wkdw ehwzhhq d ￿iwk dqg txduwhu ri sulfh
vhwwhuv duh edfnzdug orrnlqj1 Wkxv/ wkh sxuh iruzdug orrnlqj prgho lv uhmhfwhg e|
wkh gdwd1 Krzhyhu/ wkh txdqwlwdwlyh lpsruwdqfh iru lq dwlrq g|qdplfv ri edfnzdug
orrnlqj ehkdylru lv uhodwlyho| vpdoo1 Wkh hvwlpdwhv wkxv vxjjhvw wkdw wkh ehqfkpdun
iruzdug orrnlqj prgho pd| qrw eh dq xquhdvrqdeoh dssur{lpdwlrq ri uhdolw|1
Wkh hvwlpdwhv ri wkh sulplwlyh sdudphwhuv |lhog dq hvwlpdwh ri wkh vorsh frh!flhqw
rq wkh oderu vkduh b wkdw lv srvlwlyh dqg vljql￿fdqw571 Wkxv/ zh duh deoh wr lghqwli| d
vljql￿fdqw lpsdfw ri pdujlqdo frvwv rq lq dwlrq1 Wkh zhljkw rq ixwxuh lq dwlrq ￿s lv
hvwlpdwhg wr eh urxjko| irxu wlphv wkh zhljkw rq odjjhg lq dwlrq ￿K1 Wkh gl￿huhqfh/
ri frxuvh/ uh hfwv uhodwlyh xqlpsruwdqfh ri edfnzdug orrnlqj sulfh vhwwhuv1 Wkh vxp
￿s n￿K lv ohvv wkdq xqlw|/ krzhyhu/ lq frqwudvw wr frqyhqwlrqdo k|eulg prgho ghvfulehg
lq wkh suhylrxv vhfwlrq1 Wklv rxwfrph dulvh ehfdxvh wkh glvfrxqwhg q lv hvwlpdwhg wr
eh ehorz xqlw| dw f￿HD1 Wkxv/ wkh hvwlpdwhv vxjjhvwv wkdw sulfh vhwwhuv glvfrxqw wkh
ixwxuh pruh khdylo| wkdq zkdw lv lpsolhg lq wkh frqyhqwlrqdo k|eulg fdvh1
Zh qh{w h{soruh wkh lpsolfdwlrqv ri uhvwulfwlqj q htxdo wr xqlw|/ dv lpsolhg lq
wkh vwdqgdug k|eulg fdvh1 Lqwhuhvwlqjo|/ wkhuh lv olwwoh lpsdfw rq wkh hvwlpdwhv ri wkh
rwkhu sulplwlyh sdudphwhuv1 Wkh sdudphwhu w lv yluwxdoo| xqfkdqjhg1 Wkh zhljkw /
ghfolqhv voljkwo| wr f￿￿b/ exw grhv qrw dsshdu vljql￿fdqwo| gl￿huhqw iurp wkh suhylrxv
fdvh1 Wkxv/ wkrxjk wkh vorsh frh!flhqwv ￿s dqg ￿K duh qrz uhvwulfwhg wr vxp wr xqlw|/
wkh uhodwlyh pdjqlwxghv uhpdlq urxjko| wkh vdph1 Wkh frh!flhqw rq pdujlqdo frvw/
55Lqwhuhvwlqjo|/ Verugrqh +4<<;, ￿qgv wkdw wkh ydoxh ri wkh sulfh dgmxvwphqw sdudphwhu wkdw
pd{lpl}hv wkh jrrgqhvv ri ￿w ri wkh gdwd e| Zdwvrq*v +4<<6, fulwhulv dovr fruuhvsrqgv wr dq dyhudjh
ri ￿yh txduwhuv ehwzhhq dgmxvwphqwv1 Wkxv/ ghvslwh wkh gl￿huhqfh lq phwkrgrorj|/ rxu uhvxowv olqh
xs yhu| forvho| zlwk khuv1
56Iru d glvfxvvlrq ri wkh vxuyh| hylghqfh/ vhh Urwhpehuj dqg Zrrgirug +4<<:d,1 Rxu vxe0vdpsoh
hvwlpdwhv +uhsruwhg vkruwo|, |lhog qxpehuv gluhfwo| lq olqh zlwk wklv hylghqfh1
57Zh qrwh wkdw wkh olqn ehwzhhq lq dwlrq dqg pdujlqdo frvw lv uhodwhg wr Ehqderx*v +4<<5, ￿qglqj
wkdw/ edvhg rq uhwdlo wudgh gdwd/ lq dwlrq lv lqyhuvho| uhodwhg wr wkh pdunxs +zklfk kh phdvxuhg
dv wkh lqyhuvh ri wkh oderu vkduh1, Kh lqwhusuhwhg wkh ￿qglqjv dv hylghqfh wkdw wkh pdunxs pd|
ghshqg rq lq dwlrq/ zkhuhdv lq rxu prgho/ fdxvdwlrq uxqv iurp pdujlqdo frvw wr lq dwlrq1 Vruwlqj
rxw srvvleoh vlpxowdqhlw| lv dq lqwhuhvwlqj wrslf iru ixwxuh uhvhdufk1 Zh qrwh/ krzhyhu/ wkdw rxu
prgho kdv wkh dgglwlrqdo lpsolfdwlrq wkdw lq dwlrq vkrxog eh uhodwhg wr d glvfrxqwhg vwuhdp ri
ixwxuh pdujlqdo frvwv/ dqg zh vkruwo| ghprqvwudwh wkdw wklv dsshduv wr eh wkh fdvh1
48ixuwkhu/ uhpdlqv vljql￿fdqwo| srvlwlyh dqg lv qrw pxfk gl￿huhqw iurp wkh suhylrxv
fdvh1
Wkh frh!flhqw b uhpdlqv vljql￿fdqwo| srvlwlyh lq wkh xquhvwulfwhg fdvh1 Wkrxjk
wkh srlqw hvwlpdwh lv vpdoohu/ lw lv qrw vljql￿fdqwo| gl￿huhqw iurp wkh rwkhu fdvhv1
Iruzdug orrnlqj ehkdylru vwloo suhgrplqdwhv/ exw wkh uhodwlyh lpsruwdqfh ri edfnzdug
orrnlqj sulfh vhwwhuv dsshduv wr ulvh1 Wkh hvwlpdwhg udwlr ri ￿K wr ￿s vxjjhvwv wkdw
urxjko| iruw|0￿yh shufhqw ri sulfh vhwwhuv pd| eh edfnzdug orrnlqj1 Wkhvh uhvxowv ri
frxuvh gr qrw hpsor| wkh uhvwulfwlrqv iurp wkh xqghuo|lqj wkhru|1 Krzhyhu/ lw lv dq
rshq txhvwlrq dv wr zkhwkhu dowhuqdwlyh vshfl￿fdwlrqv ri edfnzdug orrnlqj ehkdylru
pljkw ohdg wr kljkhu hvwlpdwhv ri /￿ Dw wkh vdph wlph/ zh vwuhvv wkdw hyhq wkh
xquhvwulfwhg hvwlpdwhv vxjjhvw wkdw iruzdug orrnlqj ehkdylru lv yhu| lpsruwdqw wr
lq dwlrq g|qdplfv1
715 Urexvwqhvv Dqdo|vlv
Zh qrz frqvlghu wkh h￿hfwv ri vrph dowhuqdwlyh irupxodwlrqv dqg dovr h{soruh vxe0
vdpsoh vwdelolw|1 Wdeoh 5 suhvhqwv uhvxowv iru wkuhh dowhuqdwlyh fdvhv wr wkh edvholqh
prgho1 Wkh ￿uvw doorzv iru lqfuhdvlqj uhwxuqv/ dv ghvfulehg lq wkh suhylrxv vhfwlrq1
Wkh vhfrqg doorzv h{wud odjv ri lq dwlrq wr hqwhu wkh uljkw kdqg vlgh1 Wkh ￿qdo xvhv
d frpsuhkhqvlyh phdvxuh ri wkh oderu vkduh wr phdvxuh pdujlqdo frvw1
Wr doorz iru lqfuhdvlqj uhwxuqv lq wkh phdvxuh ri pdujlqdo frvw/ zh hvwlpdwh htxd0
wlrq +5:, vxemhfw wr +4<,0+54,1 Dv Wdeoh 5 lqglfdwhv/ wkh uhvxowv uhpdlq odujho| xq0
fkdqjhg iurp wkh suhylrxv fdvh1 Wkh frh!flhqw hvwlpdwhv duh yhu| vlplodu1 Ixuwkhu/
wkhuh lv qr hylghqfh ri lqfuhdvlqj uhwxuqv wr vfdoh1 Uhjdugohvv ri zkhwkhu q lv uh0
vwulfwhg wr xqlw|/ wkh hvwlpdwh ri > ￿ ￿ lv qrw vljql￿fdqwo| gl￿huhqw iurp }hur1 Wkxv/
zh fdqqrw uhmhfw wkh edvholqh dvvxpswlrq ri frqvwdqw uhwxuqv wr vfdoh1
Zh qh{w dgg wkuhh dgglwlrqdo odjv ri lq dwlrq wr wkh edvholqh fdvh +htxdwlrq +58,,1
Khuh wkh lghd lv wr h{soruh zkhwkhu rxu hvwlpdwhg lpsruwdqfh ri iruzdug orrnlqj
ehkdylru pd| uh hfw qrw doorzlqj iru vx!flhqw odjjhg ghshqghqfh1 Wkh sdudphwhu
￿ lv wkh vxp ri wkh frh!flhqwv rq wkh dgglwlrqdo lq dwlrq odjv1 Wkh ryhudoo h￿hfw ri
wkh dgglwlrqdo odjv lv txlwh vpdoo dqg lv rqo| vljql￿fdqw zkhq q lv uhvwulfwhg wr xqlw|1
Wkxv/ hyhq wkrxjk d wrwdo ri wkuhh odjv ri lq dwlrq hqwhuv wkh uljkw kdqg vlgh/ iruzdug
orrnlqj ehkdylru vwloo suhgrplqdwhv1
Ilqdoo|/ Wdeoh 5 uhsruwv wkh h￿hfwv ri xvlqj d frpsuhkhqvlyh phdvxuh ri wkh od0
eru lqfrph vkduh lq frqwudvw wr wkh qrq0idup exvlqhvv phdvxuh1 Wkh gl￿huhqfh lv
wkh iruphu lqfoxghv jryhuqphqw dqg wkh idup vhfwru1 Djdlq/ wkh uhvxowv duh odujho|
xqfkdqjhg1
Zh qh{w frqvlghu vxe0vdpsoh vwdelolw|1 Wdeoh 6 uhsruwv hvwlpdwhv ryhu wkh lqwhu0
ydov 93=40:<=7/ :3=40;<=7/ dqg ;3=40<9=71 Wkh eurdg slfwxuh uhpdlqv xqfkdqjhg1
Pdujlqdo frvwv kdyh d vljql￿fdqw lpsdfw rq vkruw uxq lq dwlrq g|qdplfv ri urxjko|
wkh vdph txdqwlwdwlyh pdjqlwxghv dv vxjjhvwhg e| wkh ixoo vdpsoh hvwlpdwhv1 Iruzdug
orrnlqj ehkdylru lv dozd|v lpsruwdqw1 Lq wkh ￿uvw wzr vxe0shulrgv/ wkh hvwlpdwh ri
49/ lv forvh wr wkh ixoo vdpsoh hvwlpdwh> l1h1 urxjko| f￿2￿1 Lqwhuhvwlqjo|/ wkrxjk/ lq
wkh odvw vxe0shulrg wkh hvwlpdwh ri / gursv wr }hur1 Wkxv/ zh fdqqrw uhmhfw wkh sxuh
iruzdug orrnlqj prgho ryhu wkh 4<;3=4 wr 4<<9=7 shulrg1
Dqrwkhu lqwhuhvwlqj uhvxow lv wkdw wkh hvwlpdwh ri w iru wkh ￿uvw wzr vxe0vdpsohv
gursv iurp wkh ixoo vdpsoh hvwlpdwh ri f￿H wr wkh udqjh f￿.￿ ￿ f￿.D1 Wkh lpsruwdqw
lpsolfdwlrq lv wkdw suh04<<3/ wkh hvwlpdwhg dyhudjh gxudwlrq d sulfh lv ￿{hg lv ehwzhhq
wkuhh dqg irxu txduwhuv/ zklfk lv gluhfwo| lq olqh zlwk wkh vxuyh| hylghqfh1 Iru wkh odvw
vdpsoh/ 4<;3=4 04<<9=7/ wkh hvwlpdwh ri w ulvhv wr urxjko| f￿H￿￿f￿H￿/ lpso|lqj gxudwlrq
ri ￿yh wr vl{ txduwhuv1 Wkh orqjhu gxudwlrq pljkw uh hfw wkh idfw wkdw lq dwlrq zdv
orzhu ryhu wkh odvw vxe0vdpsoh1 Dv d frqvhtxhqfh/ wkh dyhudjh ohqjwk ehwzhhq sulfh
dgmxvwphqwv pd| kdyh lqfuhdvhg +dv/ iru h{dpsoh/ d prgho ri vwdwh0ghshqghqw sulflqj
pljkw lpso|1,
716 Dfwxdo yv1 Ixqgdphqwdo Lq dwlrq
Rxu hfrqrphwulf Skloolsv fxuyh/ dv jlyhq e| htxdwlrq +58,/ wdnhv wkh irup ri d gl￿hu0
hqfh htxdwlrq iru lq dwlrq/ zlwk h{shfwhg uhdo pdujlqdo frvwv dv wkh iruflqj yduldeoh1
Wkh vroxwlrq iru lq dwlrq lpsolhg e| wkh prgho zloo ghshqg rq d glvfrxqwhg vwuhdp ri
h{shfwhg ixwxuh pdujlqdo frvwv dqg dovr odjjhg lq dwlrq1 D zd| wr dvvhvv wkh prgho*v
jrrgqhvv0ri0￿w/ zh frqvlghu krz zhoo wkh vroxwlrq wr wkh gl￿huhqfh htxdwlrq olqhv xs
djdlqvw wkh dfwxdo gdwd1 Zh whup rxu prgho0edvhg phdvxuh ri lq dwlrq ￿ixqgdphq0
wdo￿ lq dwlrq ehfdxvh lw lv dqdorjrxv wr Fdpsehoo dqg Vkloohu*v +4<;:, frqvwuxfw ri
ixqgdphqwdo vwrfn sulfhv lq whupv ri iruhfdvwv ri glvfrxqwhg ixwxuh glylghqgv1
Rxu edvholqh hvwlpdwhv ri ￿K dqg ￿s lpso| wkh h{lvwhqfh ri rqh vwdeoh dqg rqh
xqvwdeoh urrw dvvrfldwhg zlwk wkh vwdwlrqdu| vroxwlrq wr wkh gl￿huhqfh htxdwlrq iru
lq dwlrq jlyhq e| +58,1 Ohw B￿ ￿ ￿ ghqrwh wkh vwdeoh urrw dqg B2 ￿ ￿ ghqrwh wkh
xqvwdeoh urrw1 Wkh prgho*v vroxwlrq lv wkhq jlyhq e|=












Wkh odjjhg whup lq htxdwlrq +5;, dulvhv iurp wkh suhvhqfh ri edfnzdug orrnlqj sulfh
vhwwhuv1 Lq wkh ehqfkpdun fdvh zlwk sxuh iruzdug orrnlqj ehkdylru/ wkh odjjhg whup
glvdsshduv +l1h1h/ B￿ ’ f,1
Ohw U| ’ iZ|cZ |3￿c￿￿￿c 5|c5 | 3 ￿ c￿￿￿jzkhuh 5| lv d yhfwru ri yduldeoh rwkhu wkdq lq d0
wlrq1 Wdnlqj h{shfwdwlrqv frqglwlrqdo rq U| rq erwk vlghv ri +5;,=
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| yhuvxv dfwxdo lq dwlrq Z|￿
4:Ryhudoo ixqgdphqwdo lq dwlrq wudfwv wkh ehkdylru ri dfwxdo lq dwlrq yhu| zhoo158 Lw
lv sduwlfxoduo| lqwhuhvwlqj wr revhuyh wkdw lw grhv d jrrg mre ri h{sodlqlqj wkh uhfhqw
ehkdylru ri lq dwlrq1 Gxulqj wkh sdvw vhyhudo |hduv/ ri frxuvh/ lq dwlrq kdv ehhq ehorz
wuhqg1 Rxwsxw jurzwk kdv ehhq deryh wuhqg/ rq wkh rwkhu kdqg/ pdnlqj vwdqgdug
phdvxuhv ri wkh rxwsxw jds kljko| srvlwlyh1 Dv d frqvhtxhqfh/ wudglwlrqdo Skloolsv
fxuyh htxdwlrqv kdyh ehhq ryhusuhglfwlqj uhfhqw lq dwlrq159 Krzhyhu/ ehfdxvh/ uhdo
xqlw oderu frvwv kdyh ehhq txlwh prghudwh uhfhqwo| ghvslwh udslg rxwsxw jurzwk/ rxu
prgho ri ixqgdphqwdo lq dwlrq lv forvh wr wdujhw1
8 Frqfoxvlrqv
Rxu uhvxowv vxjjhvw wkdw/ frqglwlrqdo rq wkh sdwk ri uhdo pdujlqdo frvwv/ wkh edvholqh
qhz Skloolsv fxuyh zlwk iruzdug orrnlqj ehkdylru pd| surylgh d uhdvrqdeo| jrrg
ghvfulswlrq ri lq dwlrq g|qdplfv1 Wkh vwuxfwxudo hvwlpdwhv vxjjhvw wkdw edfnzdug
orrnlqj sulfh vhwwlqj/ zkloh vwdwlvwlfdoo| vljql￿fdqw/ lv qrw txdqwlwdwlyho| lpsruwdqw1
Rqh/ txdol￿fdwlrq/ krzhyhu/ lv wkdw zkhq zh gr qrw h{sorlw doo wkh lpsolfdwlrqv ri rxu
wkhru| lq wkh hvwlpdwlrq/ wkh lpsruwdqfh ri edfnzdug orrnlqj ehkdylru ulvhv/ wkrxjk
iruzdug orrnlqj ehkdylru uhpdlqv suhgrplqdqw1 Wdnhq dv d zkroh/ krzhyhu/ wkh
uhvxowv vxjjhvw wkdw lw lv zruwk vhdufklqj iru h{sodqdwlrqv ri lq dwlrq lqhuwld eh|rqg
wkh wudglwlrqdo rqhv1
Rqh lpsruwdqw dyhqxh wr lqyhvwljdwh/ zh wklqn/ lqyroyhv wkh f|folfdo ehkdylru ri
uhdo pdujlqdo frvw1 Iljxuh 5 suhvhqwv vhwv ri furvv0fruuhodwlrqv wkdw khos iudph wkh
lvvxh1 Wkh gdwd lv txduwhuo| iurp 4<98=404<<9=7 dqg lv ghwuhqghg zlwk d txdgudwlf
wuhqg1 Wkh wrs sdqho lv wkh furvv0fruuhodwlrq ri lq dwlrq +wkh shufhqw fkdqjh lq wkh
JGS gh dwru, zlwk wkh rxwsxw jds +wkh shufhqw gl￿huhqfh lq uhdo JGS zlwk wkh FER
hvwlpdwh ri srwhqwldo JGS1, Wkh plggoh urz lv lq dwlrq zlwk uhdo pdujlqdo frvwv +dv
phdvxuhg e| wkh orj ri uhdo xqlw oderu frvwv,1 Wkh odvw urz lv uhdo pdujlqdo frvwv zlwk
wkh rxwsxw jds1
Dprqj rwkhu wklqjv/ wkh ￿jxuh pdnhv fohdu zk| uhdo xqlw oderu frvwv rxwshuirupv
wkh rxwsxw jds lq wkh hvwlpdwlrq ri wkh qhz Skloolsv fxuyh1 Dv wkh wrs sdqho lqglfdwhv/
wkh rxwsxw jds ohdgv lq dwlrq/ udwkhu wkdq ylfh0yhuvd/ lq gluhfw frqwudglfwlrq ri wkh
wkhru| +vhh htxdwlrq +8,,1 Lq frqwudvw/ dv wkh plggoh sdqho lqglfdwhv/ uhdo xqlw oderu
frvwv h{klelw d vwurqj frqwhpsrudqhrxv fruuhodwlrq zlwk lq dwlrq1 Ixuwkhu/ lq dwlrq
odjjhg erwk wzr dqg irxu txduwhuv lv srvlwlyho| fruuhodwhg zlwk fxuuhqw xqlw oderu
frvwv/ frqvlvwhqw zlwk wkh wkhru|1 Wkxv/ +zlwk wkh ehqh￿w ri wklv klqgvljkw,/ lw lv shu0
kdsv qrw vxusulvlqj zk| uhdo xqlw oderu frvwv hqwhuv wkh vwuxfwxudo lq dwlrq htxdwlrq
58Verugrqh +4<<;, vlploduo| ￿qgv wkdw lq dwlrq lv zhoo h{sodlqhg e| d glvfrxqwhg vwuhdp ri ixwxuh
uhdo pdujlqdo frvwv/ wkrxjk xvlqj d txlwh gl￿huhqw phwkrgrorj| wr sdudphwul}h wkh prgho1
59Dq h{fhswlrq lv Orzq dqg Ulfk +4<<:,1 Ehfdxvh wkh| dxjphqw d wudglwlrqdo Skloolsv fxuyh
zlwk wkh jurzwk lq qrplqdo xqlw oderu frvwv/ wkhlu htxdwlrq iduhv pxfk ehwwhu wkdq wkh vwdqgdug
irupxodwlrq1 Wkrxjk wkh zd| xqlw oderu frvwv hqwhuv rxu irupxodwlrq lv txlwh gl￿huhqw/ lw lv vlploduo|
wkh voxjjlvk ehkdylru ri xqlw oderu frvwv wkdw khosv wkh prgho h{sodlq uhfhqw lq dwlrq1
4;vljql￿fdqwo| dqg zlwk wkh uljkw vljq1 Wkh odvw urz frpsohwhv wkh slfwxuh= Uhdo xqlw
oderu frvwv odj wkh rxwsxw jds lq pxfk wkh vdph zd| dv grhv lq dwlrq1 Wkh odj lq
wkh uhvsrqvh ri uhdo xqlw oderu frvwv h{sodlqv zk| wkh rxwsxw jds shuirupv srruo| lq
hvwlpdwhv ri wkh qhz Skloolsv fxuyh1
Lw lv dovr wuxh wkdw wkh voxjjlvk ehkdylru ri uhdo pdujlqdo frvw pljkw khos dffrxqw
iru wkh vorz uhvsrqvh ri lq dwlrq wr rxwsxw dqg wkxv +srvvleo|, zk| glvlq dwlrqv
pd| hqwdlo frvwo| rxwsxw uhgxfwlrqv15: Iru wklv uhdvrq/ prgli|lqj h{lvwlqj wkhrulhv wr
dffrxqw iru wkh uljlglwlhv lq pdujlqdo frvwv vxjjhvwhg e| Iljxuh 5 frxog r￿hu lpsruwdqw
lqvljkwv iru lq dwlrq g|qdplfv15; Jlyhq wkh olqn ehwzhhq xqlw oderu frvwv dqg pdujlqdo
frvwv/ d fdqglgdwh vrxufh iru wkh qhfhvvdu| iulfwlrq lv zdjh uljlglw|1 Lqghhg/ d olnho|
uhdvrq iru wkh vwurqj frxqwhuidfwxdo frqwhpsrudqhrxv srvlwlyh fruuhodwlrq ehwzhhq
rxwsxw dqg uhdo pdujlqdo frvw lq wkh vwdqgdug vwlfn| sulfh iudphzrun lv wkh devhqfh ri
dq| w|sh ri oderu pdunhw iulfwlrqv ^vhh/ h1j1/ wkh glvfxvvlrq lq Fkulvwldqr/ Hlfkhqedxp
dqg Hydqv +4<<:,‘1 Dw wklv vwdjh/ rqh fdqqrw uxoh rxw zkhwkhu lw lv qrplqdo ru uhdo
zdjh uljlglwlhv wkdw fdq surylgh wkh dqvzhu1 Erwk vhhp zruwk h{sorulqj1
5:Lqwhuhvwlqjo|/ Eodqfkdug dqg Pxhw +4<<5, ￿qg wkdw glvlq dwlrqv lq Iudqfh kdyh ehhq dvvrfldwhg
zlwk ghfolqhv lq uhdo xqlw oderu frvwv1 Lq wklv uhvshfw lw vhhpv zruwk h{sorulqj gdwd iurp rwkhu
frxqwulhv1
5;Wkh h{lvwlqj olwhudwxuh rq exvlqhvv f|foh prghov wkdw ihdwxuhv vwlfn| sulfhv kdv orqj hpskdvl}hg
wkh qhhg wr lqfrusrudwh uhdo uljlglwlhv +vhh/ h1j1/ Eodqfkdug dqg Ilvfkhu +4<;<, dqg Edoo dqg Urphu
+4<<3,,1 W|slfdoo|/ krzhyhu/ wkh glvfxvvlrq lv lq whupv ri wu|lqj wr h{sodlq d odujh uhvsrqvh ri rxwsxw
wr prqhwdu| srolf|= Uhdo uljlglwlhv khos  dwwhq wkh vkruw uxq pdujlqdo frvw fxuyh1 Krzhyhu/ lw lv
dovr wkh fdvh/ dv zh kdyh ehhq dujxlqj/ wkdw uhdo uljlglwlhv pd| eh qhhghg wr dffrxqw iru lq dwlrq
g|qdplfv/ dqg lq sduwlfxodu wkh voxjjlvk uhvsrqvh ri lq dwlrq wr pryhphqwv lq rxwsxw1
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Urehuwv/ Mrkq P1 +4<<:,= ￿Lv Lq dwlrq Vwlfn|B ￿/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/
Qr1 6</ ss 4:604<91
Urehuwv/ Mrkq P1 +4<<;,= ￿Lq dwlrq H{shfwdwlrqv dqg wkh Wudqvplvvlrq ri Prq0
hwdu| Srolf|/￿ plphr/ Ihghudo Uhvhuyh Erdug1
Urwhpehuj/ Mxolr/ dqg Plfkdho Zrrgirug +4<<:d,= ￿Dq Rswlpl}dwlrq0Edvhg Hfrqr0
phwulf Iudphzrun iru wkh Hyroxwlrq ri Prqhwdu| Srolf|/￿ plphr
54Urwhpehuj/ Mxolr dqg Plfkdho Zrrgirug +4<<:e,= ￿Lqwhuhvw Udwh Uxohv lq d Hvwl0
pdwhg Vwlfn| Sulfh Prgho/￿ plphr/ Sulqfhwrq Xqlyhuvlw|1
Verugrqh/ Dujld/ P1/ ￿Sulfhv dqg Xqlw Oderu Frvwv= Whvwlqj Prghov ri Sulflqj/￿
plphr/ Sulqfhwrq Xqlyhuvlw|1
Vyhqvvrq/ Oduv H1 R1/ +4<<:d,/ ￿Lq dwlrq Iruhfdvw Wdujhwlqj= Lpsohphqwlqj dqg
Prqlwrulqj Lq dwlrq Wdujhwv￿/ Hxurshdq Hfrqrplf Uhylhz 74/ Mxqh/ ss1 444407:1
Vyhqvvrq/ Oduv H1 R1/ +4<<:e,/ ￿Lq dwlrq Wdujhwlqj= Vrph H{whqvlrqv￿/ QEHU
Zrunlqj Sdshu Qr1 8<95/ Pdufk1
Wd|oru/ Mrkq E1 +4<;3,= ￿Djjuhjdwh G|qdplfv dqg Vwdjjhuhg Frqwudfwv/￿ Mrxuqdo
ri Srolwlfdo Hfrqrp|/ ;;/ 40561
Zdwvrq/ Pdun/ +4<<6,1 ￿Phdvxuhv ri Ilw Iru Fdoleudwhg Prghov/￿ Mrxuqdo ri
Srolwlfdo Hfrqrp|/ 434043741
Zrrgirug/ Plfkdho +4<<9,= ￿Frqwuro ri wkh Sxeolf Ghew= D Uhtxluhphqw iru Sulfh
Vwdelolw|B￿/ QEHU Zrunlqj Sdshu Qr1 89;7/ Mxo| 1
\xq/ Wdfn +4<<9,= ￿Qrplqdo Sulfh Uljlglw|/ Prqh| Vxsso| Hqgrjhqhlw|/ dqg
Exvlqhvv F|fohv￿/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ Qr1 6:/ 4<<9/ ss 67806:31
55Wdeoh 41 Vwuxfwxudo Prgho= Edvholqh Hvwlpdwhv
Qrqidup Exvlqhvv/ 4<93=404<<9=7

































56Wdeoh 51 Vwuxfwxudo Prgho= Urexvwqhvv Dqdo|vlv
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